Inventory control of deteriorating items constitutes a large part of the world's economy and covers various goods including any commodity, which loses its worth over time because of deterioration and/or obsolescence. Vendor managed inventory (VMI), which is a win-win strategy for both suppliers and buyers gains better results than traditional supply chain. In this research, we study an economic order quantity (EOQ) with shortage in form of partial backorder under VMI policy. The model is concerned with multi-item subject to multiconstraint including storage space, time period and budget constraints. Two metaheuristic algorithms, namely Simulated Annealing and Tabu Search, are used to find a near optimal solution for the proposed fuzzy nonlinear integer-programming problem with the objective of minimizing the total cost of the supply chain. Furthermore, the sensitivity analysis of the metaheuristic parameters is performed and five numerical examples containing different numbers of items are conducted in order to evaluate the performance of the algorithms.
Introduction
Importance of inventory cost is as much as pretax operation profits (Herron, 1979) . Thus, a firm can gain significant profit by decreasing inventory cost (Hall, 1983) . One of the best known models in inventory management is economic order quantity (EOQ) developed by Harris (1913) . His model could save the cost by determining the optimal order quantity and the optimal time of ordering. The EOQ model has been used widely in researches while it is not properly for real word problem regarding its assumptions such as having no-shortage. Initially, we present one of the most popular factors which has been used in inventory systems and then we will investigate shortage, comprehensively.
One of the popular assumptions in this field of literature used in EOQ model is to consider the factor of deterioration, because it occurs mostly in practical situation for some of goods such as blood, vegetable, chemical, drugs and so forth. These items may be deteriorated over the time, so they cannot be stored for a long period of time. Deterioration is defined as any damage, impairment, decay, spoilage, usefulness and many more such that the goods cannot be used for the specific purpose. A main feature of these items is that they are hard to control, preserve and manage. The first work about deteriorating goods was accomplished by Whitin (1957) for fashion items. Subsequently, a study about deterioration items with constant rate of deterioration was completed by Ghare and Schrader (1963) . Their study was extended by Covert and Philip (1973) by considering a changeable rate of damage where they assumed that this rate followed the Weibull distribution. Afterward, a Gamma distribution was considered for time of damage by Tadikamalla (1978) . Also, Park (1983) developed an integrated production inventory model for a single product system with deteriorating items where deterioration was assumed to be a constant fraction of the on-hand inventory and raw materials purchased from outside suppliers. Bahari-Kashani (1989) introduced a model for deteriorating items and this model was a time-dependent demand model. Bhunia and Maiti (1998) proposed a model by considering the deterioration as a linear function of time. Moreover, Wee and Law (2001) developed an inventory model for deteriorating items with linear price-dependent demand rate and considered time value of money and applied the Discounted Cash-Flow (DCF) approach.
Some years later, Ouyang et al. (2009) introduced a model with delay in payment and extended an EOQ model with deteriorating goods under time value of money. Sana (2010) presented a model for deteriorating goods with changeable rate of deterioration, price-sensitive demand and permitted shortage as a partial backorder and lost sale. Wu et al. (2014) developed an EOQ model with noninstantaneous receipt under the conditions of trade credits. They presented an EOQ model to determine the optimal replenishment policies under the conditions of non-instantaneous receipt and permissible delay in payments. Moreover, they addressed deterioration items and their expiration dates. Guchhait et al. (2015) analyzed a fuzzy EOQ model for deteriorating goods with varying rate of deterioration and considered two-level partial trade credit facility and credit period dependent demand. Recently, Tai et al. (2016) presented an inventory model under inspection policy and shortage backordering to formulate the process of the items which deteriorate during their storage period with constant rate of damage.
The model with shortage is one of other assumptions, since in real cases, it can be observed that shortage is an important factor for inventory management systems. Shortage appears in two kinds namely backorder and lost sale. If a customer is willing to wait for its order we have a former (backorder) and in latter (lost sale), a customer does not wait for its order. Goswami and Chaudhuri (1991) represented a model with permitted shortage which also the demand rate can be changed with respect to passing of time. Some other studies have considered the shortage and also deterioration factor (Wee, 1995; Abad, 2001) . Abad (2001) introduced a lot-size problem for deteriorating goods with variable rate of deterioration and allowed shortage as a partial backlog. Yang (2004) presented an inventory model with deteriorating goods, constant demand rate, allowed shortages and also considered inflation. Wee et al. (2009) discussed about a fuzzy multi-objective and deteriorating goods inventory system under shortage constraint. Recently, Kazemi et al. (2016) investigated the fuzzy model with forgetting effect on fuzzy parameters.
One of the most studied concepts in recently researches is supply chain (SC) that has been used widely in integration by inventory models such as EOQ. SC is the network created among different and diverse organizations such as producers, manufacturers, distributors and retailers. SC integrates the activities including inventory management, transportation service, procurement, material handling, inbound transportation, transportation operations management, and warehousing management. SC plays an important role for creating a good or service more quickly from the supplier to the customer. The companies work together for achieving three main goals: (1) receiving raw materials (2) producing final products by using these raw material, and (3) delivering the final goods to retailers (Mousazadeh et al., 2015) . Because of using the SC, management system is usually translated to lower cost, companies are trying to have the most optimized SC management system, where the main objective of the SC management system is to satisfy service level requirements (Rabbani et al., 2015; Farrokhi-Asl et al., 2016; Poozesh et al., 2014) . The relationship between customer service level and inventory cost is an important issue for the success of SC management. An important concept, which has been used for achieving both dimensions of the SC objective (i.e., decreasing the inventory cost and satisfying customer service level) is vendor-managed inventory (VMI). VMI is an effective policy for determining the inventory level with cooperation between vendor and retailers. In other words, VMI proposes the vendor to manage own and its retailer's inventories (Yu et al., 2010) . Thus, under this policy, vendor has two main advantages including (1) inventory replenishment arrangement (determining quantity and timing), and (2) access to demand and retailer inventory data. VMI has some advantage for both vendor and retailers and also for a customer with increasing in customer service levels in terms of reliability and product availability. VMI has been widely studied in recent years because many organizations for improving their SC operations prefer to share inventory data and demand information with their suppliers. VMI concept was introduced in 1958 and it has had successful implications in retailer industry such as Wal-Mart, so this concept has become more popular in the grocery sector. Waller et al. (1999) explained that using the VMI concept can improve achieving better turnover of inventory and more satisfying of customer service levels at any stage of SCs. This study helps to clarify the importance of SC parameters, namely ordering costs and carrying charges. Combining the VMI and routing problem was performed by Yu et al. (2012) for the first time. In this paper, Yu et al. (2012) assumed the fast deteriorating raw material with constant rate of damage and deterministic retailer's demand. They developed a model for calculating the total inventory and deteriorating cost. Tat et al. (2015) demonstrated that the integrated systems under the VMI policy are more beneficial than the traditional SCs and deliver the products with lower cost under all conditions such as backordering. In addition, in SCs with VMI policy the optimal order quantity is greater than the traditional SCs.
In the literature, unlike single item, the studies which have considered the EOQ model with multi items are very scarce, while in real life the retailers prefer to sell more than one item (Zanoni & Zavanella, 2007; Maity & Maiti, 2009; Wee et al., 2009; Cárdenas-Barrón et al., 2012; Tai et al., 2016) . As such, in this research, we investigate an economic order quantity (EOQ) with shortage in form of partial backorder to bring the model more applicable, in which a linear backorder cost per unit of product and time is applied to all items, under vendor managed inventory (VMI) policy for decreasing the cost. The model is concerned with multi items and multi constraint such as storage space, time period and budget constraints. Moreover, the study considers deterioration with constant rate because of their widely applications in real world applications. In algorithmic point of view, simulated annealing (SA) and tabu search (TS) algorithms are applied in order to tackle the problem. In addition, for obtaining a high quality solutions approximation of the Taylor series expansion is utilized as an initial solution for starting point of above mentioned algorithms. To illustrate the application of proposed model, we use five numerical examples with various number of items (4, 8, 12, 16 and 20 items) where data are derived from the real case in Iran.
The remainder of this paper is structured as follows: Problem description is provided in Section 2. Section 3 presents a mathematical formulation for this problem under different policies. Numerical results are conducted in Section 4. Sensitivity analysis for important parameters are investigated in Section 5. Finally, Section 6 concludes the paper and presents directions for future research.
Problem Description
In this section, an economic order quantity (EOQ) model is studied under the VMI policy for deteriorating goods with a constant rate of deterioration and allowing shortage in form of partial backorder. Under VMI policy, unlike traditional supply chain systems, both vendor and buyer form one unit in which vendor manages total inventory policies and also pays total cost of inventory including ordering and holding costs while buyer does not pay for inventory cost. Also, due to the backorder as an important factor of inventory management systems, it is considered as a partial backorder to make the model more applicable. Furthermore, the model concerns with multi items and also assumes several constraints such as limited available storage space, limited time period of cycle, and limited total budget for purchasing goods where they are most practical constraints in real situation. Assumptions of the presented model are summarized in the following:
 There is only time-dependent fixed cost for shortage  Deteriorating goods are considered with constant rate of deterioration  Demand and available space are uncertain in the term of fuzzy numbers and the other parameters are certain  The lead time is assumed to be zero  Demand rate is fixed over the cycle time  Shortage is allowed for any goods in form of partial backorder
Mathematical model
Before explaining the model, the notations of model are introduced as following:
The order quantity of item j The order quantity in VMI policy The supplier's ordering cost per ordered unit of item j The buyer's ordering cost per ordered unit of item j The deterioration cost per unit The buyer's constant demand rate of item j The inventory holding cost per unit of item j held in buyer's store in a period per unit of time The maximum level of partial backordering shortage of item j The maximum level VMI partial backordering of item j The fixed cost of shortage per unit The time cycle before VMI of item j The time cycle after VMI of item j The percentage of cycle length in which inventory is positive The buyer's inventory cost before VMI The buyer's inventory cost after VMI The supplier's inventory cost before VMI The supplier's inventory cost after VMI The total cost before VMI of item j The VMI total cost of item j Space occupied by each unit of item j Available storage space for all items
Mathematical formulation
In order to determine the impact of VMI policy on the objective function value, we consider the model without and with this strategy, separately.
VMI policy
To calculate the cost of inventory system, at the first stage, we must calculate the inventory level. According to Fig. 1 demonstrating EOQ model for constant deteriorating items with shortage, the inventory level at time is reduced by deterioration and demand and is dropped to zero. Afterward, inventory level falls below zero with regard to backorders. Thus this change of inventory level is calculated as follow: and for j items we have:
The maximum inventory level and order quantity per cycle are as follows,
The costs of inventory system consisting of holding cost, deteriorating cost, shortage cost, and purchasing cost is calculated as below:
 Cyclic buyer's holding cost
 Cyclic shortage cost: π * (8)
 Cyclic purchasing cost 1
As such, the total cost of buyer and supplier without considering VMI policy is as follows, respectively:
By considering Eq. (10) and Eq. (11), the total cost of inventory system without VMI policy is calculated as follow:
Considering VMI policy
Now, we investigate a situation in which VMI policy is considered. In this policy, supplier should pay the buyer's cost, therefore we have:
The total cost function will be calculated as follows,
Since the average inventory of the j-th item is equal to ( ), the space constraint will be as follow:
Also, the constraints for the bounds on the time period and budget for each item are as follows,
The maximum backorder level of item j in a cycle must be less than or equal to its order quantity i.e.
(18) , 0 1,2, … , 0 1,2, … ,
Fuzzy inventory model
Since the fuzzy sets enable the model to handle the uncertainty of critical parameters, in this section we use this approach to make the model more practical and closer to reality. The fuzzy theory allows the model to handle the problems with ambiguous or vague parameter values, because of allowing the model to easily incorporate experts' aspirations in developing critical parameter estimates (Zimmermann, 2011).
The linear ranking function method
The ranking function is an efficient approach which is used for ordering fuzzy numbers. In this section, we want to formulate the linear model with fuzzy numbers in the objective function coefficients. At first, consider the general form of linear programming problem as follow:
where the above model is the linear programming problem with m constraints; represents the resources constraint, each solution is represented by X as an n-dimensional vector in which n denotes the number of decision variables, and the goal of problem is to minimize the total cost. A general form of this problem with fuzzy numbers as an objective function coefficients can be formulated as follows:
Symbol '~' used for the cost coefficient in objective function represents the fuzziness of the parameter. For transforming this fuzzy model to a crisp one, we assume triangular fuzzy numbers with 3 points, ̃ , , , which is interpreted as membership functions (Yager 1979 (Yager , 1981 .
where and are the lateral margins (right and left, respectively) of the triangular fuzzy number central point c (Fig. 2) . 
Zimmerman method
When we consider some tolerance for constraint resources, the problem with fuzzy resources should be formulated as follows (Zimmermann, 1976 (Zimmermann, , 1985 :
In addition, let the membership functions of the fuzzy sets representing the fuzzy constraints be defined as:
where is the tolerance of problem resources (Fig. 3) . The membership function of the objective function can be determined by solving the following two models: 
where is the investment target, i.e., aspiration level of the objective function.
3.3.The proposed fuzzy model
Here, we propose a fuzzy model in which the demand and available space are fuzzy numbers.
Following Yager (1979 Yager ( , 1981 method for demand defuzzification and based on Zimmermann (1976 Zimmermann ( , 1985 method for resource defuzzification, the fuzzy model is converted to:
where is tolerances of respectively and is the investment target, i.e., aspiration level of the objective function.
Numerical Example
In order to demonstrate the application of the proposed procedure and to investigate its performances, five numerical examples are derived from the SAPCO Company which is an Iranian automobile supply company with different number of items (4, 8, 12, 16, and 20 items) . The initial data of all test problems are shown in Table 1 . Then, we compare the given results of two used approaches (SA, TS) in Tables  2 and Table 3 . Table 2 represents the crisp objective function value of each example which are calculated by two metaheuristic approaches (SA, TS). Moreover, computational time which is needed to tackle the problem are reported for both algorithms under different situations in Tables 4 and 5 . 
Sensitivity Analysis
In this section, we analyze the effect of different parameters of the algorithms on optimal solution. Furthermore, we compare SA and TS based on the optimal solution as well as the CPU time. Fig. 4 demonstrates that the highest temperature in SA algorithm can influence on the optimal solution. In addition, the results of Fig. 5 show that the increase in temperature could increase the CPU time. Moreover, the results of Fig. 6 and Fig. 7 demonstrate the effect of the coolest temperature on the objective function and the CPU time. As we can see from the figures, any increase on temperature also increases the objective function by reduces the Cpu time. Fig. 10 and Fig. 11 show the effects of STM size on the CPU time and the objective function, respectively. As we can observe from the results, while any increase on STM reduces the CPU time it has no significant impact on the objective finction. 
5.1.Simulated Annealing (SA)

5.2.Tabu Search
Conclusion
In this study, we have considered a multi-item multi-constraint economic order quantity (EOQ) model which is concerned with some assumptions such as deterioration, Vendor Manage Inventory (VMI) strategy, shortage in form of partial backorder, and also some constraints such as available storage space, limited time period of cycle and limited total budget for purchasing goods to make the model more practical. In order to determine the impact of VMI on the objective function value, we have considered the before and after strategies, separately. In addition to the conditions listed above, we have considered the model in form of fuzzy to enable the model to handle the uncertainty of critical parameters and compared the crisp and fuzzy results of five numerical examples derived from the SAPCO Company with different number of items (4, 8, 12, 16, and 20 items) which is for demonstrating the application of the proposed procedure and to investigate its performances, obtained by two metaheuristic approaches, Simulated Annealing (SA) and Tabu Search (TS). For improving the solving time of algorithm, we have used some approximation using the Taylor series expansion as an initial solution. Furthermore, the most sensitive parameters of the proposed methodology were identified by carrying out the sensitivity analysis. The analysis has indicated that by using the approximation of the Taylor series expansion, the efficiency of the algorithms was increased because the initial solution was close enough to a good solution and it could help the algorithm find a good solution rapidly.
For future research, some interested issues are suggested as follow:
 Due to the backorder, completely backordered and also lost sales can be considered for shortage.  The deterioration rate can be assumed as a variable rate.  Instead of constant rate of demand, a variable or stochastic rate can be investigated.  The EOQ model can also be considered as an EPQ model.  Other constraints such as limitations on buyer's total order quantity of the items, limitation on the number of pallets for an items can be also taken into account.
